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Abstract

Stability in transverse parametric vibration of axially accelerating viscoelastic beams is investigated. The
governing equation is derived from Newton’s second law, the Kelvin constitution relation, and the
geometrical relation. When the axial speed is a constant mean speed with small harmonic variations, the
governing equation can be regarded as a continuous gyroscopic system under small periodically parametric
excitations and a damping term. The method of multiple scales is applied directly to the governing equation
without discretization. The stability conditions are obtained for combination and principal parametric
resonance. Numerical examples are presented for beams with simple supports and fixed supports,
respectively, to demonstrate the effect of viscoelasticity on the stability boundaries in both cases.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Many engineering devices can be modeled as axially moving beams. One major problem is the
occurrence of large transverse vibrations due to tension or axial speed variation. Transverse
vibration of axially accelerating beams has been extensively analyzed. Although Pasin [1] first
studied the problem as early as in 1972, much progress was achieved recently. Oz et al. [2] applied
the method of multiple scales to study dynamic stability of an axially accelerating beam with small
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bending stiffness. Ozkaya and Pakdemirli [3] applied the method of multiple scales and the
method of matched asymptotic expansions to construct non-resonant boundary layer solutions
for an axially accelerating beam with small bending stiffness. Oz and Pakdemirli [4] and Oz [5]
used the method of multiple scales to calculate analytically the stability boundaries of an axially
accelerating tensioned beam under simply supported conditions and fixed-fixed conditions,
respectively. Parker and Lin [6] adopted a 1-term Galerkin discretization and the perturbation
method to study dynamic stability of an axially accelerating beam subjected to a tension
fluctuation. Ozkaya and Oz [7] applied artificial neural network algorithm to determine stability
of an axially accelerating beam.

All above-mentioned researchers considered elastic beams, and did not account for any
damping. The modeling of dissipative mechanisms is an important research topic of axially
moving material vibrations [8,9]. Viscoelasticity is an effective approach to model the damping
mechanism because some beam-like engineering devices are composed of some viscoelastic
metallic or ceramic reinforcement materials like glass-cord and viscoelastic polymeric materials
such as rubber. The literature that is specially related to axially accelerating viscoelastic beams is
relatively limited. Based on 3-term Galerkin truncation, Marynowski [10] and Marynowski and
Kapitaniak [11] compared the Kelvin model with the Maxwell model and the Biigers model,
respectively, through numerical simulation of nonlinear vibration responses of an axially moving
beam at a constant speed, and found that all models yield similar results in the case of small
damping. Marynowski [12] further studied numerically nonlinear dynamical behavior of an
axially moving viscoelastic beam with time-dependent tension based on 4-term Galerkin
truncation. Based on 2-term Galerkin truncation, Yang and Chen [13] and Chen et al. [14]
applied the averaging method to analyze the stability of axially accelerating linear beams with
pinned or clamped ends, and Yang and Chen [15] studied numerically bifurcation and chaos of an
axially accelerating nonlinear beam.

In this paper, the stability is investigated for parametric vibration of axially accelerating
viscoelastic beams. The governing equation is derived from Newton’s second law, the constitution
relation, and the strain—displacement relation. The method of multiple scales is applied directly to
the governing equation. The stability boundaries for combination and principal resonance are
presented for beams with simple supports and fixed supports. The effects of viscoelasticity on the
boundaries are numerically demonstrated.

2. The governing equation

A uniform axially moving viscoelastic beam, with density p, cross-sectional area 4, moment of
inertial / and initial tension Py, travels at the time-dependent axial transport speed v(7T') between
two prismatic ends separated by distance L. Consider only the bending vibration described by the
transverse displacement V (X, T), where T is the time and X is the axial coordinate. The Newton
second law of motion yields
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where M (X, T) is the bending moment given by
M(X,T)= —/ZO’(X,Z, T)dA, 2)
4

where Z, X-plane is the principal plane of bending, and a(X, Z, T) is the disturbed normal stress.

The viscoelastic material of the beam obeys the Kelvin model, with the constitution relation

oe(X,Z,T)

—_— 3
22, 3

where e(X, Z, T') is the axial strain, E is the stiffness constant, and # is the viscosity coefficient. For
small deflections, the strain—displacement relation is

aZ

Substitution of Egs. (3) and (4) into Eq. (2) and then substitution the resulting equation into Eq.
(1) lead to

o(X,Z,T) = Ee(X,Z,T)+1

X, Z,T)=—-Z

0’U U dv dU 0’U *U o‘u o°U
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Introduce the dimensionless variables and parameters:
U
u= z: X = _5 1= Lz:
EI
2

- 6
U= e T L34/—pAP ©

where bookkeeping device ¢ is a small dimensionless parameter accounting for the fact that the
viscosity coefficient is very small. Eq. (5) can be cast into the dimensionless form
o%u o*u  dy ou o’u o o’u

+ 2 L (P 1) g 0 o+ 60

or ox0r ' dr Ox x> oxt ox*or )

3. Stability condition via the method of multiple scales

In the present investigation, the axial speed is assumed to be a small simple harmonic variation,
with the amplitude ¢y, and the frequency w, about the constant mean speed 7,

2B = 79 + &y sin wt. ()

Here the bookkeeping device ¢ is used to indicate the fact that the fluctuation amplitude is small,
with the some order as the dimensionless viscosity coefficient. In spite of the apparent connection
between the dimensionless viscosity coefficient and the amplitude of the variation through the
bookkeeping device &, they are actually independent because each of them includes, respectively,
an arbitrary parameter o or y; of order one. Substitution of Eq. (8) into Eq. (7) and neglecting



882 L.-Q. Chen, X.-D. Yang | Journal of Sound and Vibration 284 (2005) 879-891

higher order ¢ terms in the resulting equation yield

2
2;[ +G 2 + Ku
= —2¢y, sin ot —— &u — 2&yy7; Sin wt @ — ey, cOS wt 6_u — & ﬂ 9)
xdt 071 x> : ox T oxtor
where the mass, gyroscopic, and linear stiffness operators are, respectively, defined as
M=1 G:2y03 K= ) + 64 (10)
’ ox’ 7o~ f ox?

The method of multiple scales will be employed to solve Eq. (9) directly. A first-order uniform
approximation is sought in the form

u(x, t;8) = uo(x, To, T1) + euy(x, To, T1) + - - -, (11)

where Ty = 1 is a fast scale characterizing motions occurring at wy (one of the natural frequencies
of the corresponding unperturbed linear system), and 7'; = et is a slow scale characterizing the
modulation of the amplitudes and phases due to viscoelasticity and possible resonance.
Substitution of Eq. (11) and the following relationship

9—i—l-ei—l- a_2_ o + 2e o + (12)
or dT,  oT, © 0 oT? 0T0T,
into Eq. (9) and then equalization of coefficients of ¢* and ¢ in the resulting equation lead to
62u0 au()
M—+G—+Kuy=0 13
aTO + T, + Kup (13)
and
o g,
@Tz 0T !
G G G R G
=-2 -2y -2 — —
0TodT, M axor, ~ M Sm“”(a 0T 770 x 2> @ Cos ot 5
65u0
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Wickert and Mote [16] have obtained the solution to Eq. (13)
up(, To, T) = Y Lp)A(TNEXT + () A(Tr)e ], (15)

k=0,1,...

where the over bar denotes complex conjugation, and the kth natural frequency and the kth
complex eigenfunction can be determined by the boundary conditions.

If the variation frequency w approaches the sum of any two natural frequencies of system (13),
summation parametric resonance may occur. A detuning parameter ¢ is introduced to quantify
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the deviation of w from w, + w,,, and w is described by
W= w, + w,; + &0, (16)

where w, and w,, are, respectively, the nth and mth natural frequencies of system (13).
To investigate the summation parametric response, Eq. (15) can be expressed as

uo(x, To, T1) = ¢, (X)A,(T1)e" T + ¢, (x)A,(T1)e T + cc, (17)

where cc stands for the complex conjugate of all preceding terms on the right hand of an equation.
Substitution of Egs. (16) and (17) into Eq. (14) and expression of the trigonometric functions in
exponential form yield

62u1 6u1

—+G —+ Ku
or2 " U aT, T

. , 1 -/ . =T . "n iw,
= {=24u0n 4 10600+ 1 [0 = 00+ 208, | BT 0,4, T

M

. , 1 =/ R V78 I . " iw
{_2Am(lwm¢m + V0¢m) +N |:§ (wn - wm)¢n + 1V0¢n:| (l)nele - lawn1A111¢m }e nTo
+ cc + NST, (18)

where the dot and the prime denote derivation with respect to the slow time variable 7'y and the
dimensionless spatial variable x, respectively, and NST stands for the terms that will not bring
secular terms into the solution. Eq. (18) has a bounded solution only if a solvability condition
holds. The solvability condition demands the orthogonal relationships

. , 1 =/ T g . "
<_2An(1wn¢n + yOd)n) + Y1 |:§ (a)m - wn)(bm + 1y0¢n1:| me T laa)nAnd)n > ¢n> = O’

. , 1 -/ AR . "
<_2Am(la)m¢m + yOd)m) + 1 |:§ (a)n - (Um)d)n + 1y0¢n:| d)ne T lawmAmd)m H d)m> = O’ (19)

where the inner product is defined for complex functions on [0,1] as

1
{f,9) =/0 fgdx. (20)

Application of the distributive law of the inner product to Eq. (19) leads to

Ay + 0 Ay + 9 dum A€ =0,

A + 0 A + 71 d A€ = 0, (1)
where

iy fol b dx
T 2o fy b dx o+ 70 fy di )
(w; — ) fol dsj/ff;k dx + 2iy, fol ﬁg}/ﬁgk dx
4iox fy B dx + 70 fy B dx)

(k =n,m),

dij = — (k=n,m; j=m,n). (22)
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These coefficients can be determined by the modal parameters calculated from Eq. (13), and are
independent of parametric excitation due to the variation of axial speed.
The transformation

An(Tl) = Bn(Tl)eiGT]/2, Am(Tl) = Bm(jﬂl)eiaTl/2 (23)

changes Eq. (21) into an autonomous system
. .o -
Bn +1 E Bn + Ownan + Vldntm = 0’
. .0 -
Bm +1 E Bm + acmmBm + Vldman =0. (24)

Obviously, Eq. (24) (and thus Eq. (21) has a zero solution. Suppose that the non-zero solutions of
Eq. (24) take the form
Bn = bnelea Bm = bmeZTIa (25)

where b, and b, are real coefficients, and A is a complex to be determined. Substituting Eq. (25)
into Eq. (24) and taking the complex conjugate of the second resulting equation yield

(—/1 —% i— occ,,,,)b,, b = 0,

Vla-’mnbn + <_i +% 1— OCC-mm)bm =0. (26)

Eq. (26), a set of homogeneous linear algebraic equations of b, and b,,, has non-zero solutions if
and only if its determinant of coefficient vanishes. Therefore,

22+ (o + Coam)+ (% i+ occ,m> (—g i+ ac(?mm) Py = 0. 27)

When 4 has positive real part, the system is unstable.
Separate A, ¢, and ¢, into real and imaginary parts,

=R+l e, = C,I}n +ick Com = X +icl

nn? mm mm*

(28)

Substituting Eq. (28) into Eq. (27) and separating the resulting equation into real and imaginary
parts lead to

JRZ P2 R R 3 R I I I 2 R R
AT =4+ O((Cnn + Cmm)j’ - O((Cnn + Cmm);“ + o CrinComm

+ (3 + k) (5 + by ) = 73 Re(ndin) =0,

2 2
2R el 4 cf AR bR R A
R (O 1y _ R(C I 2 70N
+ o [Cmm (2 + Ownn) cnn (2 + acmm)] yl Im(dnmdm”) - 0 (29)

For o#0, Eq. (29) has the solution AR = 0 on the condition

Im(dnmgmn) =0, Re(dnmdmn) >0, o= :|:))1 \/ Re(dnma_,mn)‘ (30)
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For 20, substituting A} = 0 into Eq. (29) and eliminating ' in the resulting equation give
2

a

[5 (C}l;/l - mm) + (x(cnn mm - mm nn) + ’yl Im(dnmdmn)

o V
+ (c}]fn + canq)(C}Im + C}nm) |:§ (C;}}n - mm) + Oc(cnn mm Crum nn) +— . Im(dnmdm"):|
R R 2 7’ 2 3
+ (cnn + cmm) 0 _(cnn + Cmm) +o (Cnn mm + Cnncmm) + yl Re(dnmdmn) = 0. (31)

4

Eq. (31) is the analytical expression of the stability boundary in summation parametric resonance.
If the variation frequency w approaches two times of a natural frequency of system (13),
principal parametric resonance may occur. Denote

w = 2w, + 0. (32)

Let m = n in Eq. (31), then the resulting equation gives the stability boundary in nth principal
parametric resonance. For o = 0, the stability boundary is expressed by

o=ty |dun). (33)
For a0, the stability boundary is expressed by

2 2
|dl’ll’l| + 4 yl nn nn|dnn| + 4C 4 + aacll/[n + O(2(6.}]’[{}’: + c}I’[Z}’[) + y%ldnnlz = 05 (34)
where
. 1 //// . 1 =/ =+
im, d 21 2 d
on Jy 9By dx L jo Jy B dx o9

" i [} a0 [ GuBadx)’ " Alion [} bubndx+ 70 f) B, dx)

If the variation frequency w approaches the difference of any two natural frequencies of system
(13), difference parametric resonance may occur. The stability in difference parametric resonance
can be treated similarly. Denote

W= w, — o, + 0. (36)

The stability boundaries are expressed by Egs. (30) and (31), respectively, for « = 0 and a0,
while the coefficients in them are given by

B i, [y ¢ b, dx B iom [y DL P, dx
 2ion fy by dx + 70 fy Guby dx)’ T Yim Jy o X — 10 Jo P A1)’
 (@nt 00 fo BBy dx = 20y o G, dx
Ao ) ¢, 1z dx + 70 fy ¢peb, dx)
_ (@at 0 fy B dx + 2000 fy By by dx
Ao [y b dx =70 fy Opbdx)

nm

(37)

mn
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4. Stability boundaries of beams with simple supports

For an axially moving beam with simple supports, the boundary conditions in dimensionless
form are

*u

=32
=0 Ox x=1

’u

H(O, t) = M(l, t) = Oa @ .

—0. (38)

Under the boundary conditions (38), the eigenfunction corresponding the kth natural frequency
wy 1s [4]

(ﬁ4k ﬂuc)(elﬁ}k — ) elbux _ (ﬁ4k ﬁlk)(elﬁy‘ — el T
(ﬁ4k ﬁzk)(elﬂ” — eif) (54,, 53,1)(61[3” - elﬁ”‘)
(B = B@P — &) (B — Bt — el’)’u)] b,

(B — B — ) (B, — F(ei — o)

where B (G =1,2,3,4) and wy can be solved from the following algebraic equations:

Pp(x) = eifux _

(39)

0 (Buic + o + Paic + Ba) =75 — 1,

BBk + BBk + BrcPax + PPk + PouPax + PsPax = 0,

07 (BiBox Bk + BuBaxBa + BuicBsiBax + BuBaBar) = 270k

vy Bu BB Par = — 3 (40)

and the transcendental equation

(ﬁ%k — ﬂgk)(ﬁgk — ﬂik) Le'Buthu) 4 elBsthac) | 4 (/g%k _ ﬁik)(ﬁgk _ ﬁ%k)l_ei(ﬁlk"’ﬁ}k)
+ ei(ﬁ2k+ﬁ4k)J + (ﬁ%k _ ﬁik)(ﬁgk _ ﬁgk)[ei(ﬁ2k+ﬁ3k) _ ei(ﬁ1k+ﬁ4k)] =0. 41)

Consider an axially moving beam with v/ = 0.8 and y = 2.0. The first two natural frequencies
and coefficients in corresponding eigenfunctions (39), numerically solved from Egs. (40) and (41),
are w; = 5.3692, f,, = 3.99006, ,; = —1.2424 4 2.43971, f; = —1.2424 — 2.43971, f,; = —1.5058
and w; =30.1200, f,, = 7.4497, B, = —1.2497 +6.07261, 3, = —1.2497 — 6.07261, [, =
—4.9503.

In summation parametric resonance, Eq. (22) gives c¢1; = 45.8597, ¢y = 709.7023, di; =
1.2427 + 0.78431, and d»; = 0.2948 4 0.1860i. In the case that ¢y is real, Eq. (22) reduces to

2
SR =]+ (h ek [ - R ) = 71 Reandn) | = (42)

Therefore, the instability region is given as

I \/y% Re(dunddn) — PR, \/ﬁ Re(d ) = 2l @)

1+ x2 1+ x2
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where
R R
— Con — Com ( 44)
R+ R
nn mm

The instability region exists on the condition that R ¢R and Re(d,,,d,n,) have the same sign and

the axial speed variation amplitude is large enough, namely,

cR (R
Py >0y | (45)
Re(dnm d’ﬂn)

The stability boundaries for the summation resonance of first two modes in plane ¢ — 7, are
shown in Fig. 1 for & = 0, 0.0005, 0.001. The increasing viscosity coefficient makes the stability
boundaries move towards the increasing direction of y; in plane (w,y,;) and the instability regions
become narrow. That is, the larger viscosity coefficient leads to the larger instability threshold of
y; for given o, and the smaller instability range of ¢ for given ;.

In principal parametric resonance, Eq. (35) gives di; = —1.0456 + 1.18791, dy = —0.4182 +
0.9776i. The instability region is

—2\/y%|d,m|2 — oc%,‘}nz <a<2\/y%|d,m|2 — oczc}fnz. (46)

The instability region exists on the condition that the axial speed variation amplitude is beyond a
critical value,
alcR
> M 47
"1 o (47)
The stability boundaries for the first and second principal resonance in plane ¢ — y,; are shown,
respectively, in Fig. 2 for o« = 0, 0.02, 0.05 and Fig. 3 for « = 0, 0.001, 0.002. In both cases, the
increasing viscosity coefficient makes the stability boundaries move towards the increasing
direction of y; in plane (w, y;) and the instability regions become narrow.
In difference parametric resonance, Eq. (37) gives ¢ = 45.8597, ¢ =741.7379 d, =
—3.6139 — 2.28091, dy; = 0.5997 + 0.6081i. For real ¢;; and ¢y, the stability boundary is given

2

15

h

0.5

0

-10 5 10

Fig. 1. The stability boundaries for the summation resonance of beams with simple supports.
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0
-10 10

Fig. 3. The stability boundaries for the second principal resonance with simple supports.

by Eq. (42). In this example, Re(d,,d,m) is negative. Thus there is no instability region in the
difference resonance.

To depict the stability boundaries in the same scale, the different viscosity coefficients are
chosen in Figs. 1-3. These figures indicate that the stability boundary for the summation
resonance is most sensitive to the change of the viscosity coefficient, while the stability boundary
in the first principal resonance is most insensitive.

5. Stability boundaries of beams with fixed supports

For an axially moving beam with simple supports, the boundary conditions in dimensionless
form are

d
w0,0) = u(1,6) =0, —
ox

_6u

=— =0 4
s 0 (48)

x=1
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Under the boundary conditions (45), the eigenfunction corresponding the kth natural frequency
W is [5]

oibux _ (Bax — ﬁlk)(e]:ﬁ’% - efﬁ“’) oibx _ (Par — ﬁlk)(e.iﬁ}k - e‘iﬁ“‘) TR
(Ba — B (P — el (Ban — Ban)(etfa — eifse)
Bk = BrdEP —ePn) By — Br)(eln — ) e
By — Pa) (@ — &)~ (By — Pyl — )|

where f; (j=1,2,3,4) and o can be solved from Eq. (40) and the following transcendental
equation:

Pr(x) =

(49)

(Bu = Bo) B = B LV 4 Pt | (B — Buy)(Baye — Bri) L Pt
+ elPutbaid] 1 (B — Ba) (P — B Prthd) — ¢iPutbud] = o (50)

Consider an axially moving beam with v» = 0.8 and y = 4.0. The first two natural frequencies
and coefficients in corresponding eigenfunctions (49), numerically solved from Egs. (40) and (50),
are w; = 6.8647, ff;; = 6.6676, ,; = —2.4953 4 2.5344i, f;; = —2.4953 — 2.5344i, f,, = —1.6771
and w, =43.3456, [, =10.2236, f,, = —2.4997 + 6.9798i, f;, = —2.4997 — 6.9798i, 4, =
—5.2241.

In summation parametric resonance, Eq. (22) gives c;; = 203.4929, ¢y = 1893.0621, dj» =
—0.1772 — 0.26421, and d;; = —0.0601 — 0.0895i. The stability boundaries in the summation
resonance of first two modes in plane ¢ — y, are illustrated in Fig. 4 for o = 0, 0.0005, 0.001. In
principal parametric resonance, Eq. (35) gives d11 = 1.5272 — 0.6178i, dy» = 0.7776 — 0.7987i. The
stability boundaries for the first and second principal resonance in plane ¢ — y; are illustrated,
respectively, in Fig. 5 for « = 0, 0.005, 0.01 and Fig. 6 for « = 0, 0.0005, 0.001. In all figures, the
instability regions draft towards the increasing direction of the amplitude with the increase of the
viscosity coefficient. The stability boundary in the first principal resonance is less sensitive to the
change of the viscosity coefficient. In difference parametric resonance, Eq. (37) gives ¢ =
203.4929, ¢yp = 483.0170, dip = 2.1967 + 3.26961, d»; = —4.0192 + 0.36361. There is no instability
region in the difference resonance.

2
U a =0.001
1.5
o = 0.0005
X 1
05
a=0
D 1 1
-10 -5 0 5 10
o

Fig. 4. The stability boundaries for the summation resonance of beams with fixed supports.
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RN
156 \
1
0.5
-U1EI 5 0 5 10

10

Fig. 6. The stability boundaries for the second principal resonance with fixed supports.

6. Conclusions

Transverse stability is studied for axially moving viscoelastic beams with the speed that is
harmonically fluctuating about a constant mean value. Such a parametric vibration system can be
cast into an autonomous continuous gyroscopic system under a small time dependent
perturbation. The method of multiple scales is applied to a partial-differential equation governing
the transverse parametric vibration. The stability boundary is derived from the solvability
condition. Axially accelerating beams with simple supports and fixed supports are numerically
investigated. Numerical results demonstrate that instability occurs if the axial speed fluctuation
frequency is close to the sum of any two natural frequencies (summation parametric resonance) or
two times of a natural frequency (principal parametric resonance) of the unperturbed system. A
detuning parameter is used to quantify the deviation between the speed fluctuation frequency and
the sum of two natural frequencies or the multiple of a natural frequency. The stability boundaries
are numerically determined in the axial speed fluctuation detuning parameter—amplitude plane for
varying viscosity coefficient. With the increase of the viscosity coefficient, the lager instability
threshold of speed fluctuation amplitude becomes large for given detuning parameter, and the
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instability range of the detuning parameter becomes small for given speed fluctuation amplitude.
In addition, the viscosity coefficient influents more on the stability boundary in higher order
principal parametric resonance.
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